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Let X be a Banach space, K and G subsets of X with G C K. We consider 
mappings T : K + X which have the property that for each x E K there 
exists a number a(x) < 1 such that 
II T(u) - T(x) II d 44 II 21 - x II for each u E G. (1) 
We shall call such mappings uniformly strictly contractive on G relative to K. 
Although condition (1) is much stronger than nonexpansiveness on G, 
mappings contractive in the sense of (1) occur in a natural way. For example, 
let K be a bounded subset of X and A a convex open set containing K. 
Suppose T is a mapping of A into X which has a Gateaux derivative T’(x) 
at each point x E A. (Thus T’( x is a bounded linear operator mapping ) . 
X -+ X.) If II T’(x) II < 1 for each x E A and if the mapping x --f T’(x) is 
continuous, then one may associate with each point x E A a number a(~) < 1 
such that 11 T(x) - T(y) II f a(x) /j x - y I/ for each y E K. The details of this 
observation are found in the author’s paper [3] (proof of Theorem 3.2), where 
solutions of a nonlinear functional equation are obtained by application of 
fixed point theorems for such mappings T. 
Our purpose here is to extend a recent theorem of Browder [2] for semi- 
contractive mappings. This extension, from the class of uniformly convex 
spaces to the much wider class of reflexive spaces, requires the stronger 
version of semicontractiveness given below. 
DEFINITION 1. Let X be a Banach space, G C X, and let V : X x G + X. 
The mapping U defined by U(U) = V(zc, u), u E G, is said to be strongly 
semicontractive on G if: 
(a) For each fixed v E G, V(*, v) is uniformly strictly contractive on G 
relative to X. 
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(b) For each fixed u E G, V(U, .) is completely continuous from G to X, 
uniformly for tl in bounded subsets of G, (i.e., if vj + v weakly in G and if 
{Uj} is a bounded sequence in G, then 
strongly in G). 
V(Uj , Vj) - V(Uj ) v) 3 0 
This class of mappings generalizes mappings of the form T + C with T 
uniformly strictly contractive on G relative to X and C completely continuous. 
(For Browder’s definition of semicontractiveness [2], V is defined on G x G 
to X and in (a), V(*, ) v is merely assumed to be nonexpansive.) 
Our principal result is the following: 
THEOREM 1. Let X be a reflexive Banach space and G a closed bounded 
convex subset of X with 0 in the interior of G. Let U be a strongly semicontractive 
mapping of G into X such that for each x in the boundary of G, U(x) # Ax if 
X > 1. Then U has a Jixed point in. G. 
Browder proves this theorem in [2] for X uniformly convex and U semi- 
contractive. Our version is an immediate consequence of Theorem 5 of [2] 
and the following analogue of Theorem 3 of that paper. 
THEOREM 2. Let X be a reflexive Banach space, G a closed bounded convex 
subset of X, U : G -+ X strongly semicontractive on Gin the sense of Dejnition 1. 
Then : 
(a) (I - U) is demiclosed on G, i.e., if u, converges weakly to u, E G and 
(I - U) uj + w strongly, then (I - U) u, = w. 
(b) (I - V) [Gj is closed in X. 
PROOF. As noted in [2] conclusion (b) follows from (a) because T(G) 
is always closed if T is demiclosed and G is weakly compact. Thus it suffices 
to prove (a). We assume uj + u0 weakly in G and (I - U) uj + w strongly. 
With u0 and w thus fixed, define F : X -+ X by 
F(x) = V(x, u,,) + ~0, XEX. 
Then for u E G, 
IIF(u) -F(x) II = II W, us> - V(x, 4 II 9 
and since U is strongly semicontractive, F is uniformly strictly contractive 
on G relative to X. Further, since 
V(u, , ~4~) + w - (V(z+ , uO) + w) -+ 0 strongly 
by condition (b) of Definition 1, while by condition (a) of the theorem 
uj - (V(u, , uj) + w) + 0 strongly, 
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we have uj - F(uj) -+ 0 strongly. We complete the proof by showing that 
(uj} converges strongly (necessarily to us) so that F(u,) = us . 
For each number p > 0 let S(ua , p) denote the closed ball centered at ui 
with radius p, and let the set R consist of those numbers p for which there 
exists an integer k such that 
Let p. = g.1.b.R. Thus for each f > 0 
c,= tj(iiscui,P,+5))#$* 
i=l i=t 
Each of the sets c, is bounded, closed and convex; thus reflexivity of X 
implies 
Now assume p. > 0. Let x E C and let pi = 11 ui -F(q) I/ . Choose 6 > 0, 
6 > 0 so that 
B = "(4 (PO + 5) + 6 <PO 3 
where E(X) < 1 is the number associated with x and F via condition (1). 
Since pi --f 0, for N sufficiently large we have, for i 3 N, pi < 6 and 
Ii x - ui [/ < p. + [. Therefore 
IIF(x) - Ui II d IIF -F(uJ II + IIF - ‘4 II 
Hence, 
F(4 E fi Wi , 8. 
i-N 
Since this intersection is nonempty, in violation of the definition of p. , we 
have a contradiction. Hence, p. = 0 which in turn implies {ui} is a Cauchy 
sequence. Therefore there is an element u in G such that ui + u strongly; 
thus u = I(~ and with II F(ui) - ui I\--+ 0 we have F(u,) = u. completing the 
proof. 
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We note that implicit in the above proof is the following fixed point 
theorem. 
THEOREM 3. Let X be a rejexive Banach space and let G be a nonempty 
bounded subset of X. Suppose F : X + X is uniformly strictly contractive on G 
relative to X, and suppose 
0) inf{(/ u -F(u) jJ : u E G) = 0. 
Then F has a jxed point in the closure of G. 
REMARK. In the above theorem, it is not necessary to assume F is defined 
on all of X. In fact, in the proof of Theorem 2 it is only necessary 
that x E n,,, CC lie in the domain of F, and this can be guaranteed if V(*, u) 
is defined on a closed 8 neighborhood of G where 8 is the diameter of G. 
Thus the assumption that the domain of V is X x G is stronger than necess- 
ary in Definition 1. 
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